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Daily attention to mathematical meanings

Programmatic attention to meaningful pathways

Daily attention to mathematical meanings

Programmatic attention to meaningful pathways



“The ants are my friends, they’re blowin’ in the wind .”
-not Bob Dylan



What does it mean to be mathematically proficient?
What does it mean to learn mathematics?

What would your students say?



Allow Me to Explain…

Mathematics learning, at a minimum, means learning:

• Ways of thinking that are empowered by…

• Habits of thinking, along with an ability to make sense of and use some…

• Ways of doing to do something bigger with mathematics.



Ways of Thinking (Example)

• How many years was it from December 7, 1941, to December 7, 
2014?  

• How did you figure it out?



Step 1: Notice the subtraction exercise.

2014 − 1941

Step 2: Set up the problem in a template.

 2014

−1941

Step 3: Work from right to left. Subtract 1 from 4. 

 2014

−1941

 3

Step 4. Got it. Now move one column to the left. Subtract 4 from 1.

Step 5. Realize that I cannot subtract 4 from 1.

Step 6. Remember that I need to “borrow” from the next column to the left.

Step 7. Notice there is nothing to borrow. (Perhaps also consider how I wasn’t going to ever give it 

back anyway.)

Step 8. Borrow from the 2 in the far left column. Make it a 1.

Step 9. Think of the “0” in the top row as a 10. Wedge a tiny 1 between the 2 and the 0. Some might 

want to make it a little higher than the 0.



Step 11. Wedge a tiny 1 to the left of the original 1. I now have something that looks like this:

Step 12. Subtract 4 from the newly-made 11. Get 7.

Step 13. Subtract 9 from 9.

Step 14. Subtract 1 from 1.

Step 15. Declare the answer to be 73.
 

Step 10. Now borrow from the newly made 10. Make it a 9 by crossing out the 0 and 

1 you just created during the previous step.



What do we mean by mathematical rigor?

What would your students say?



Definition

https://www.merriam-webster.com/dictionary/rigor 

https://www.merriam-webster.com/dictionary/rigor






Source: Student Achievement Partners

The Shifts of the Common Core

Focus strongly where the standards focus.

Coherence: Think across grades and link to major 
topics within grades.

Rigor: In major topics, pursue conceptual 
understanding, procedural skill and fluency, and 
application with equal intensity.



Ohio’s High School Math Pathways - Rigor

https://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Resources-for-Mathematics/Math-Pathways/Higher-Ed-Entry-Level-Math-Pathways-Course-Descrip/MathPathways-Rigor.pdf.aspx?lang=en-US


What is meaningful mathematics discourse?

What would your students say?



NCTM 
Teaching Practices

https://www.nctm.org/Conferences-and-Professional-Development/Principles-to-Actions-Toolkit/Resources/7-EffectiveMathematicsTeachingPractices/

Meaningful mathematics 

discourse must center 

on mathematical 

meanings!



What is a fraction?
Is a fraction one number or two numbers?

Fractions

See: https://www.nwea.org/resource-center/formative-conversation-starter/48315/Formative-conversation-starters-grade-3_NWEA_instructionalresource.pdf/



What is an angle?
What attribute are we measuring when we measure angles?

Angles



Division

• What different things does division do? 
• How can you make sense of 12 ÷ 3?

• How can you make sense of 12 ÷
1

3
 ?

• How can you make sense of 12 ÷ −
1

3
 ?



You have three broomsticks











What do we mean when we talk about “measurement”?

Measurement



Is area a measure?
 …or is it something we can measure?

True or False:
• The only way to measure area is with another area



“Technically, a measurement is a number that 
indicates a comparison between the attribute of an 
object being measured and the same attribute of a 
given unit of measure.”
–Van de Walle (2001)

But what “comparison”?

Van de Walle, J. A., (2001). Elementary and middle school mathematics: Teaching developmentally, 4th edition.

Measurement



Thompson, P. W., & Saldanha, L. (2003). Fractions and multiplicative reasoning. In J. Kilpatrick, G. Martin & D. Schifter (Eds.), Research companion to the Principles 
and Standards for School Mathematics (pp. 95-114). Reston, VA: National Council of Teachers of Mathematics.(pdf p. 22) 



How about this?

•Determine the attribute you want to measure
•Find something else with the same attribute. Use it as the measuring unit.
•Compare the two: multiplicatively.

Measurement



• The circumference is three and a bit times as large as the diameter.

http://tedcoe.com/math/circumference



http://tedcoe.com/math/radius-unwrapper-2-0



Rise over run

• Why divide?
• Related: What’s the difference between a rate and a ratio?



Proportional Relationships

• What is a proportional relationship?
• What does it mean in general to say that one quantity is 

proportional to another quantity?*

from Dick Stanley at http://blogs.ams.org/matheducation/2014/11/20/proportionality-confusion/ 

http://blogs.ams.org/matheducation/2014/11/20/proportionality-confusion/


“The confusing jumble of responses here is disturbing. At the very 
least it points to a lack of a common understanding within the 
school mathematics community of this very basic and important 
subject.” 

Quote from Dick Stanley at http://blogs.ams.org/matheducation/2014/11/20/proportionality-confusion/ 

http://blogs.ams.org/matheducation/2014/11/20/proportionality-confusion/


Proportional Relationships
Decluttered
Many common scenarios involve two or 
more quantities that we can naturally 
measure, 
• whose measures can or do adopt a variety 

of possible values,
• whose measures seem related to each 

other, and
• the measures “scale in tandem.”

https://www.nwea.org/uploads/2022/01/Proportional-relationships-decluttered-at-last_NWEA_Whitepaper-1.pdf



http://tedcoe.com/math/geometry/similar-triangles



• Suppose you have a bank account that grows from $60 to $103.68 
over three years.

• If the account is growing linearly, what can you tell me? Stick to the 
quantities and avoid formulas. 

• If the account is growing exponentially, what can you tell me? 



Linear (additive) Exponential (multiplicative)

Total Change: $103.68 − $60 = $43.68
$103.68

$60
= 1.728

Change per year: $43.68 ÷ 3 = $14.56 3
1.728 = 1.2

1 year from now: 103.68 + 14.56 103.68(1.2)

1 year ago: 103.68 − 14.56 103.68(1.2)−1

𝑛 years from now: 103.68 + 14.56𝑛 103.68(1.2)𝑛



Pointless Points and Plotless Plots? 

• Attend to meanings, even those that seem simple
• What do you mean by…?
• Never let an “it” go unchallenged

• Focus on ways of thinking



“All the lonely Starbucks lovers, they'll tell you I'm insane” 
-not Taylor Swift



Daily attention to mathematical meanings

Programmatic attention to meaningful pathways



College Ready?

What did it mean to be “college ready” in mathematics in 2010?

What will it mean to be “college ready” in mathematics in 2030?



CBMS 2015 Survey

• In fall 2015, 58% of two-year colleges 
reported having implemented a 
pathways sequence

Blair, R., Kirkman, E. E., & Maxwell, J. W. (2018). Statistical abstract of undergraduate programs in the mathematical sciences in the United 
States: Fall 2015 CBMS survey. Providence, RI: American Mathematical Society. Retrieved from www.ams.org/cbms/cbms-survey

http://www.ams.org/cbms/cbms-survey


Two-year pre-college level 
enrollments 

Two-year pre-college level enrollments (in thousands, not including Dual Enrollment) 
in mathematics programs based on Table TYE.3 in the Fall 2015 CBMS Survey.



Two-year college 
Statistics and Probability 
enrollments.

Based on Table TYE.4 in the Fall 2015 CBMS Survey. 



University System of Georgia

http://completegeorgia.org/math-pathways (The University System of Georgia, accessed October 3, 2019)

http://completegeorgia.org/math-pathways


University System of Georgia

http://completegeorgia.org/math-pathways (The University System of Georgia, accessed October 22, 2024)

http://completegeorgia.org/math-pathways


AMATYC (2014)

• The equivalent content in intermediate algebra courses is not 
required to master the content for most college-level 
mathematics courses that do not lead to calculus;

https://amatyc.site-ym.com/page/PositionInterAlg 

https://amatyc.site-ym.com/page/PositionInterAlg


ACCUPLACER

Next-Generation Quantitative Reasoning, Algebra, and 
Statistics (QAS) assesses the following knowledge and skills:

• Rational numbers

• Ratio and Proportional Relationships

• Exponents

• Algebraic Expressions

• Linear Equations

• Linear Applications and Graphs

• Probability Sets

• Descriptive Statistics

• Geometry Concepts

https://accuplacer.collegeboard.org/students/prepare-for-accuplacer/whats-on-tests



“…the mathematics that most 
enables students to be successful 
in college courses is not high 
school mathematics, but middle 
school mathematics, especially 
arithmetic, ratio, proportion, 
expressions and simple equations." 

https://www.ncee.org/wp-content/uploads/2013/05/NCEE_ExecutiveSummary_May2013.pdf



An oversimplified, yet illustrative picture:



?



Accelerating to where? 

What would your students say?

MAA/NCTM, 2022: “A high school calculus course should not be 
the singular end goal of the PK–12 mathematics curriculum at the 
expense of providing a broad spectrum of mathematical 
preparation.”

https://www.nctm.org/Standards-and-Positions/Position-Statements/Calculus/



Accelerating to where?

“About a fifth of those who have studied calculus in high school 
earn and take advantage of advanced placement, starting in 
college with Calculus II or higher. About a third will retake 
Calculus I.”

The strange role of calculus in the United States, Bressoud, 2020, p. 524



https://www.oregon.gov/ode/educator-resources/standards/mathematics/Documents/2plus1Model.pdf

Oregon 2+1 (2021)



https://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Resources-for-Mathematics/Math-Pathways/Higher-Ed-Entry-Level-Math-Pathways-Course-Descrip/Algebra-2-Equivilency.pdf.aspx?lang=en-US



Alabama Math Standards

See p. 177 https://www.alabamaachieves.org/wp-content/uploads/2021/03/2019-Alabama-Mathematics-COS-Rev.-6-2021.pdf

https://www.alabamaachieves.org/wp-content/uploads/2021/03/2019-Alabama-Mathematics-COS-Rev.-6-2021.pdf


Alabama

See p. 178

https://www.alabamaachieves.org/wp-content/uploads/2021/03/2019-Alabama-Mathematics-COS-Rev.-6-2021.pdf


Quantification

Equivalence

Variance

Statistics, 
Data Science

Quantitative 
Reasoning

Advanced 
Algebra

Algebraic 
Functions

Mathematical 
Modeling

• Relevant, adaptable content 
• Utilizes equitable teaching practices
• Meets university expectations for readiness and 

admission 
• Supports Washington high school students on a 

variety of graduation pathways

Washington State:
Modern Algebra II

https://ospi.k12.wa.us/student-success/resources-subject-area/mathematics/educator-resources/modern-algebra-2



https://www.sde.idaho.gov/academic/math/



https://ccrc.tc.columbia.edu/easyblog/how-many-students-are-taking-dual-enrollment-courses-in-high-school-new-national-state-and-college-level-data.html

https://ccrc.tc.columbia.edu/easyblog/how-many-students-are-taking-dual-enrollment-courses-in-high-school-new-national-state-and-college-level-data.html


Maryland (March 2025)

• From the March 2025 PreK-12 Mathematics Policy

https://marylandpublicschools.org/stateboard/Documents/2025/0325/Pre-K-12-Comprehensive-Mathematics-Policy-A.pdf



Opportunities?

What would you say?



Connecticut 
Equity 
Statement
(2023)

https://portal.ct.gov/-/media/sde/math/equity-in-mathematics-joint-position-statement-2023.pdf



Depth over Breadth

“…an important role of science education 

is not to teach “all the facts” but rather to 

prepare students with sufficient core 

knowledge so that they can later acquire 

additional information on their own.”

National Research Council A framework for K-12 science education: Practices, crosscutting concepts, and core ideas. 2012. p.31.



What can we do?

• Ask about meanings, even those that seem simple
• Attend to ways of thinking
• Design meaningful pathways

• Make sure all math courses go somewhere
• Healthy messaging around acceleration



What would your students say?
• Math is a collection of disconnected facts and algorithms

• Math is coherent and founded on relationships of ideas
• Math is to be memorized as given

• Math is about constructing knowledge
• Math is idiosyncratic and situation specific

• Math is logical and systematic
• Math is about quick answer-getting

• Math is about authentic problem solving
• My effort has no impact on my ability to learn math: I am not a math person.

• My achievement depends on my persistence

Adapted from the taxonomy of the “Views About Mathematics Survey.” For more information see: Carlson, M. P. (1999). The mathematical behavior of six 
successful mathematics graduate students: Influences leading to mathematical success. Educational Studies in Mathematics, 40(3), 237-258.



Thank you!

• ted@coequalmath.com
• tedcoe.com (classroom ready stuff)
• coequalmath.com 

tinyurl.com/ctmath25

https://www.tedcoe.com/math/ct2025/
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